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Abstract 

We study mergers of ergoregions in d + 1-dimensional vacuum gravity. At the merger 
point, where the ergosurfaces bounding each ergoregion just touch, solutions exhibit uni- 
versal behavior when there is rotation only in one plane: the angle between the merging 
ergosurfaces depends only on the symmetries of the solution, not on any other details of 
the configuration. We show that universality follows from the fact that the relevant com- 
ponent of Einstein's equation reduces to Laplace equation at the point of merger. Thus 
ergoregion mergers mimic mergers of Newtonian equipotentials and have similar universal 
behavior. For solutions with rotation in more than one plane, universality is lost. We 
demonstrate universality and non- universality in several explicit examples. 
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1 Introduction 



In general relativity, rotating objects influence their surroundings by rotational dragging. The 
dragging effect can be so strong that everything gets 'swept along' by the spacetime: in station- 
ary spacetimes, an ergoregion is defined as a region of spacetime where it is impossible for any 
observer to remain at rest with respect to a static asymptotic observer. The boundary of the 
ergoregion, the ergosurface, can simply be defined as the locus of spacetime points where the 
asymptotic timelike Killing field becomes null, i.e. where Gu = 0. The most familiar example 
is the Kerr black hole, whose ergoregion is bounded by a 2-sphere ergosurface surrounding the 
event horizon. 

Physics of ergoregions has been well-studied in four dimensions, in particular in the con- 
text of the Penrose process [1] for energy extraction from a rotating black hole. Superradiant 
scattering [2, 3, 4] also relies on the existence of an ergoregion, and studies thereof even in- 
clude stringy models for the microscopic process — recent progress was reported in [5] (see 
also references therein and [6]). However, there are only a few formal results concerning the 
properties of the ergosurface itself. One such result is Hajicek's theorem [7]: in four dimensions 
ergosurfaces must either touch the horizon or hit the black hole singularity at the fixed points 
of the rotational isometry. For instance, for the Kerr black hole, the ergosurface touches the 
horizon at the poles. However, this result does not extend beyond four dimensions because the 
horizons of higher-dimensional black holes need not contain the fixed point of the rotational 
symmetry. An example is the black ring [8] for which the of the ring is finite size everywhere 
on the horizon. Its ergosurface has topology x and touches the horizon nowhere. 

In this paper we study ergosurfaces in stationary vacuum spacetimes in general relativity, 
with focus on ergosurface topology change. This occurs when two disjoint ergoregions merge 
to form one large ergoregion, or when a single ergoregion deforms to change the topology 
of its boundary. Rather than discussing dynamic mergers, we restrict our study to mergers 
within families of stationary solutions. We derive general results revealing universal properties 
associated with ergoregion mergers and we illustrate these properties in examples of exact 
solutions for 5-dimensional vacuum black hole spacetimes. 

Over the last few years, vacuum general relativity in higher dimensions has revealed intrigu- 
ing new surprises, challenging the conventional paradigms built on four dimensional gravity. 
The discovery of the vacuum black ring solution in five dimensions in [8] has spurred the inves- 
tigation of higher dimensional solutions to Einstein's equation. In particular, building upon the 
class of Weyl solutions [9, 10] and exploiting the integrable nature of Einstein's equation with 
adequate symmetries [11, 12], many novel vacuum black hole solutions have been constructed. 
For example, we now have a vacuum black ring in five dimensions that spins in both independent 
2-planes [13, 14, 15, 16]. Also interesting are the five-dimensional multi-black hole solutions, 
such as Black Saturn [17] (a rotating black ring with a spinning black hole at its centre), the 
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Fig. 1: Sketch of topology change in merger of ergosurface locii. The merger angle 6*111 is the angle 
between the tangents of the surfaces at the merger point. 

di-rings [18, 19] (two black rings in the same plane), and the bi-rings [20, 21] (two black rings 
in orthogonal planes). In these solutions, the angular momentum of the black ring(s) keeps the 
configuration in a balanced equilibrium. Thus the solutions are free of any naked singularities, 
they are regular on and outside the horizons. An overview of higher dimensional black holes 
and their properties can be found in the recent reviews [22, 23, 24]. 

Multi-black hole spacetimes, such as Black Saturn, provide excellent laboratories for study- 
ing ergoregion mergers. To exemplify the novel feature afforded by multiple ergoregions, let 
us consider a configuration with two rotating black holes, both with non-vanishing angular 
velocity. Each black hole has an ergoregion surrounding it. If the black holes are far apart, the 
gravitational interaction between the two constituents is weak, and we expect the respective 
ergoregions to be confined to the vicinity of the individual black hole. However, as we dial the 
parameters of the solution to move the black holes closer together, the increase in the gravita- 
tional interaction will cause the ergoregions to distort. When the black holes get close enough, 
the distortion could be so large that the two ergoregions join into a single connected ergoregion, 
in spite of the horizons remaining disjoint. The transition^ from disjoint ergoregions to a single 
connected ergoregion passes through a special configuration where the two ergoregions just 
touch each other, as sketched in Fig. 1. This point is guaranteed to exist by continuity. It is in 
fact easy to show that the merger point corresponds to a static null geodesic in the spacetime, 
i.e. a null geodesic whose tangent is just along the asymptotic time translational Killing field; 
generically, stationary spacetimes do not admit such static null geodesies. 

An intriguing feature of the merger configurations is that they provide interesting examples 
of geometric surfaces undergoing topology change in vacuum general relativity. For example, 
in the prototypical case of the Black Saturn spacetime, the black hole at the center has an 
ergosurface with topology S^, while the black ring has an ergosurface of topology x S^. 
After the merger, the ergosurface topology of the system is a single surrounding both the 
hole and the ring. Another example is the doubly spinning black ring whose ergosurface can 
change topology from x to as the ring radius shrinks and the angular momentum 

^Tlie phenomenon of merging crgosurfaces has been noticed before in the context of accretion of matter by 
black holes [25, 26], four dimensional Ernst solutions [27], and Kaluza-Klein black holes [28]. 
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grows. A new feature is the appearance of an inner ergosurface of topology which is inside 
the outer (but outside the event horizon), and shields the symmetry point at the center of 
the ring from being part of the ergoregion. 

For comparison, consider the four dimensional Kerr solution.^ The usual ergosurface lies 
outside the event horizon, but the equation Gu = 0, which characterizes the ergosurface, also 
has a second solution which gives an "inner ergosurface" . It lies inside the inner horizon, touches 
it at the poles and touches the singularity at the equator. In the extremal limit, the inner and 
outer horizon coincide, and the inner and outer ergoregions touch at the poles of horizon. 
The nakedly singular over-spinning Kerr solution has a toroidal ergoregion surrounding the 
singularity. Thus the Kerr solution also provides an example of ergosurface topology change, 
but it involves ergosurfaces separated by a horizon and requires going to a nakedly singular 
limit. Both inconveniences can be avoided for ergoregion mergers in higher dimensional black 
hole spacetimes. 

Given that ergosurfaces can merge, an obvious question concerns the behaviour of the local 
geometry near the merger point which exists in the subfamily of solutions tuned to the point 
where the ergosurfaces just touch. Specifically, we are interested in the angle between the 
merging surfaces at the merger point, as indicated in Fig. 1. We can define this angle 
in a coordinate-independent way using the scalar product between the unit normals to the 
ergosurfaces at the merger point. ^ In our work we impose symmetries, so that the metric 
only depends on two coordinates, say {z,p), at the merger point. We can choose {z,p) such 
that Gzp = 0. This allow us to compute 6*111 directly as the angle between the tangents to the 
ergosurface locii in the {z, p)-plane. 

Consider first d + 1-dimensional vacuum solutions of the Weyl class. There are d — 1 
commuting Killing vectors, one of which will be the stationary time. The solution depends on 
two coordinates {z,p) with p > and —00 < z < 00. Let us restrict ourselves to solutions with 
rotation only in a single plane ("singly spinning"). It then turns out that there are only two 
possibilities for the merger angle: either 

TT 

= 2arccot-\/2 or 6'm = — . (1.1) 

The two cases are distinguished by whether the merger point lies at p = or p > 0. This will 
be described in detail in Section 3.1 and illustrated further in the examples in Section 4. In 
the first case of (1.1), the tangents to the ergosurface locii in the {z,p) half-plane always have 
slopes ±-\/2 at the merger point. An example of this type is Black Saturn. A Weyl solution 
with two unbalanced Myers- Perry black holes realizes the case of = f • 

■^For a review of ergoregions of the Kerr black hole, see [29], and for studies of the geometry [30, 31]. 

"^This is a well-defined procedure since the ergosurfaces are generically (and in particular in a neighbourhood 
of the merger point) timelike, and therefore unique spacelike unit normals exist. Operationally, we can perform 
the calculation conveniently in Ricmann normal coordinates at the merger point. 
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With some of the U{l)'s of the Weyl solutions replaced by spherical symmetry we can also 
derive a general result. If the symmetries are U{1)'' x SO{d — — 2), then the result for the 
merger angle, again assuming singly spinning solutions only, is^ 

6ai = 2 arccotV d — k — 2 or 6'm = — • (1-2) 

In the first case the tangents to the ergosurface locii have slopes ±-\/ d — k — 2 at the merger 
point. 

The curious result that the merger angle does not depend at all on the details of the solution 
but only on the dimensionality of spacetime and its symmetries is reminiscent of a similar result 
in a much simpler setting, namely mergers of equipotentials in Newtonian gravity! In the case 
of collinear sources, the tangents of the equipotentials have slopes iyrf — 1 and so the merger 
angle is 2 arccotV*^ ~ 1? where d + 1 is the spacetime dimension. This is simply a consequence 
of Laplace's equation for a configuration with SO{d — 1) symmetry. 

We will show that the merger angle results quoted above for ergoregions is also a consequence 
of Laplace's equation. What happens is that at the point of merger, the relevant component of 
Einstein's equation simply reduces to Laplace's equation, and the conditions for an ergoregion 
merger point are completely equivalent to the conditions for a merger point of equipotential 
surfaces in Newtonian gravity. 

These statements are only true when the solution is singly spinning. When there is rotation 
in more than one plane, Einstein's equation at the merger point becomes a Poisson equation, 
since the interaction between multiple spins gives a source term. Universality of the merger 
angle is then lost. Explicit examples on doubly-spinning solutions indeed show that the merger 
angle can take a continuum of values as the parameters of the merger point solution are varied. 

The two cases of universal merger angles in both (1.1) and (1.2) appear to correspond 
to different co-dimensions 6 of the merger surface: if the merger is extended along p spatial 
directions, then 6 = d — p and = 2 aiccot^/6 — 1. When the merger occurs at p > in 
the Weyl solutions it generically corresponds to a non-degenerate point for the orbits of the 
U{1) rotational Killing vectors, and the merger surface therefore extends along aA\ p = d — 2 
spatial Killing directions; thus S = 2 and = 2 arccot-\/2 — 1 = 7r/2. On the other hand, 
in a non-singular Weyl solution, a merger point at p = corresponds to the fixed point of 
exactly one of the rotational isometrics. The merger surface extends therefore only along 
p = d — 3 spatial directions and hence 5 = 3, so that = 2arccot-\/2. The relationship 
between co-dimension and merger angle, = 2 arccotV^ — 1, yields an appealing formulation 
which precisely imitates that of Newtonian equipotentials. 

The paper is structured as follows. To gain intuition for how the field equations imply 

^Strictly speaking, one only needs the spherical symmetry to hold in a limiting sense at the merger point to 
obtain this result. 
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universality of the merger angle, we analyze Newtonian equipotentials in Section 2. In Section 
3, we present the general analysis of ergosurface mergers in vacuum general relativity. We first 
consider the generalized Weyl solutions and then the case where some of the U{1) symmetry 
is replaced by spherical symmetry. In Section 4 we demonstrate that our proof of universality 
covers non-trivial physical examples of interest. We first analyze the Black Saturn family of 
solutions. Apart from confirming merger universality, we discuss under which circumstances 
mergers can happen. We then turn to the double Myers-Perry Weyl solution, which includes 
examples of both values (1.1) of the merger angle. Requiring rotation only in one plane is crucial 
to show universality, and to illustrate this point, we discuss in Section 5 two configurations where 
the merger angle is not universal. The orthogonal bi-ring solution is one example, the doubly- 
spinning black ring is the other. The latter is interesting in its own right, since it illustrates 
that even a single regular black object can allow a topological transition of its ergosurface — 
i.e. a self-merger. In Section 6 we summarize our results and discuss their implications. Four 
short Appendices collect technical results relevant to the main text. 

2 Universality in Laplace equation 

Let us briefly illustrate the salient properties of the Laplace equation. 



first by considering the solutions exhibiting merger of level surfaces of the scalar field $, and 
then by analyzing the equation itself. To make contact with a specific familiar setup, we can 
consider the Newtonian potential $ for a given source in d-dimensional space. Recall that the 
potential for a point particle of mass m in d spatial dimensions is given by $(r) = where 
r is the distance from the source; for more general sources, we integrate this contribution over 
the entire source. 

Collinear point sources: First, as a warm-up, consider the Newtonian potential of two 
point particles of arbitrary masses mi and m2, separated by a distance which we will normalize 
to unity for convenience. We will use cylindrical coordinates {z,r,Qfi-2), so as to align the 
point particles along the z axis and let r denote the distance in the transverse directions. The 
Newtonian potential in d spatial dimensions is then given by 



A selection of equipotentials, given by ^{z,r) = const surfaces, are plotted on the {z,r) plane 
in Fig. 2. We consider the equal mass case, mi = m2, in dimensions ci = 3,4,5 (first row of 



= , 





(2.2) 



6 



Fig. 2: Newtonian equipotentials (equally-spaced) for two point masses in various dimensions: The first 
row has equal masses mi = 1712 = 1, whereas the second row has differing masses, mi = 10, m2 = 
1. The columns compare dimensionality; from left to right, the spatial dimension d = 3,4,5. 
Superposed are the tangent lines at the merger. 

Fig. 2) as well as the case of mi = 10 m2 (second row). In each case there exists a value of the 
potential such that the corresponding equipotential surfaces of the point mass exactly touch 
each other at one point in the {z, r)-plane. We are interested in the angle between the tangents 
at the merger point. 

We define the merger angle 6^ as indicated in Fig. 1: it is the angle between the tangents at 
the merger point, chosen in the region of the {z, r)-coordinate plane which does not contain the 
two sources of the gravitational field. In Fig. 2, the last plot indicates 9ia- Thus, if the slopes 
are icr, then 

0m = 2arccot(T radians. (2-3) 

Fig. 2 illustrates — and we prove in the following — that the slopes of the tangents at 
the merger point depend only on the number of space dimensions d, but not on the masses 
or the separation. Thus, in a given dimension d, the merger angle 6^ is universal. As d 
increases, the merger angle becomes smaller. The faster falloff of the Newtonian potential in 
higher dimensions allows the equipotential surfaces of point particles to remain approximately 
spherical closer to the merger point and this results in steeper tangents (i.e. larger slopes) at 
the merger point. Hence the smaller merger angles. 

The merger angle can be found by expanding $(z, r) around the merger point r = 0,z = Zm- 
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At this point 9^$ = and = 0. Also, drd^^ = 0, since the potential of collinear point 
sources is symmetric in r ^ — r. Thus to second order near the merger point we have 



^z, r) = ^Zm, 0) + ^ d^M^m, 0) + ^ - Zm)^ d'Mzm, 0) + ■ • • (2.4) 

The value of the potential at the merger point is ^{zm, 0), and solving r) = ^{zm, 0) then 
gives 

r{z) = ±a {z - + O {{z - Zmf) , (2.5) 

where 



Thus, in the (z, r)-plane, a is the slope of the tangents to the equipotentials at the merger 
point, as plotted in Fig. 2. Correspondingly, the angle between the equipotentials, determined 
by the slope a, is 6'm = 2 arccot a radians. 

Evaluating (2.6) for the two-particle potential (2.2) explicitly, we find that independently 
of the mass distribution, the merger slope, and hence 6'in, is universal and depends only on the 
number of space dimensions d: 



a 



Vd-1, 0^ = 2 arccot Vd-1. (2.7) 



It is easy to verify that this result extends to multiple collinear point sources: each equipotential 
merger angle is independent of the mass distribution, with the slope given by (2.7). We show 
next that the universal behavior follows directly from the Laplace equation. 



Sources with rf-dimensional axial symmetry: Consider in d space dimensions sources 
arranged along a line such that transverse to the line the configuration has spherical symmetry 
SO{d — 1); this is what we mean by d-dimensional axial symmetry. 

Let z denote the coordinate along the axis singled out by the sources. The system is governed 
by the Laplace equation on flat Mf^ with a metric written in cylindrical coordinates as 

ds^ = dz^ + dr"^ + dnl_^ . (2.8) 

By symmetry, the merger of equipotential surfaces must take place on the 2;-axis, i.e. at points 
with r = 0. We focus on the near- merger region, that is, we consider a solution $ which is 
constant on a cone: ±r = a {z — z^) for some constants a and z^- By shifting the 2;-coordinate 
we can take Zm = without loss of generality. Also, by subtracting a constant, we can assume 
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that $ vanishes at the merger point. The potential must be smooth, so it takes the form 

^z,r) = {r'-a'z^)f{z,r) , (2.9) 

for some smooth function /. Substituting (2.9) into the Laplace equation, we obtain 

= = 2[{d~l) -a^]f -4a^ zdj 

+1 ((rf + 2) - (d - 2) a' z') drf + (r^ - z') {d^ + dl)f . (2.10) 

Evaluating this at the point z = r = 0, we find that only the first term survives; so in order to 
solve Laplace equation, we must have a = — 1. 

The merger locus is defined by ^{z,r) = 0. In the {z,r) plane, the tangents of the locus at 
the merger point have slopes ±a. The calculation shows that a only depends on the dimension 
d. This makes universality manifest: the merger angle does not depend on sources, as long 
as $ remains a smooth function of r and z only. 

Sources with translational invariance: Two parallel infinite uniform line sources are not 
covered by the case studied above. Instead the symmetry is S0{d — 2) x M (or S0{d — 2) x U{1) 
if the direction along the sources is compactified to a circle). Consider more generally sources 
with symmetry SO{m) x U{lY d = m + k + 1 space dimensions. We write the metric on 

ds"^ = dz^ + dr^ + Sij dy' dy^ + , (2.11) 

with the coordinates y^ parameterizing the k U{1) symmetry directions; we may as well consider 
these to be non-compact. 

The potential depends as above only on z and r, and the analysis of Laplace's equation 
proceeds as above. The result is that the slopes at a merger point and the merger angle are 

a = \fm = Vd — k — 1 , 6'm = 2 arccot Vd — k — 1 . (2-12) 

Clearly, the toroidal directions play a passive role in the merger. Dimensional reduction gives 
the case of axial symmetry in d — k dimensions. 

Ring around central point source: Let us consider another example whose structure is 
very close to what we will encounter later when we study ergosurfaces. Place a point source of 
mass nil at the center of a uniform circular ring source of mass density m2/(27ri?), where R is 
the radius of the ring. In ^-dimensions the configuration has a f/(l) rotational symmetry in the 
plane of the ring, and transverse to this plane spherical symmetry SO{d — 2). By symmetry, 
the merger of equipotential surfaces occurs in the plane of the ring, along a circle concentric 
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with the ring source. An exphcit calculation shows that the slope of the tangents, at any point 
on the "merger circle", is independent of mi, m2, and R. We find, as the reader may already 
have guessed, simply 

a = Vd-2, = 2 arccot . (2.13) 

This configuration can be thought of as a Newtonian Saturn system (without rotation). 
The full 4 + 1-dimensional GR solution for Black Saturn, with the ring balanced by rotation, is 
one of our primary examples of ergoregion mergers. As we will show, the merger angle between 
ergosurfaces for the Black Saturn is \Jd — 1 = \pi and 6*^ ^ 70.53°. 

Non-axisymmetric sources: Before turning to general relativity, let us emphasize the ne- 
cessity of symmetry in our argument. It is easy to demonstrate that universality of merger 
angles cannot hold in full generality. For instance, equipotential surfaces of non-coUinear point 
sources in d dimensions do not have universal mergers. 

A simple example illustrates the point. Consider in d-dimensions two parallel finite uniform 
line distributions, each of length L. In the limit L — > 0, the rods become point sources and it 
follows from our calculation above that the tangents at the merger point of the equipotential 
surfaces have slopes a = \/d — 1. However, the limit L — oo gives two parallel infinite line 
sources, and as we have shown, the merger slopes are then a = y/d — 2. The finite length rod 
configurations interpolate between the extreme cases of L = and L = oo, and the merger 
slopes are therefore be expected to vary continuously between y/d — 1 and \/d — 2 as L increases. 
Thus the merger slopes, and hence the merger angles, for finite L cannot be universal, but must 
depend on the details of the sources. 

Curved space: The analyses presented in this section generalize to Laplace's equation in 
curved space. Using Riemann normal coordinates at the merger point, it is easy to see that 
only the local flat metric enters. This observation will be borne out in the following section, 
where we extract universality directly from the Einstein's equation by showing that the relevant 
component reduces to the Laplace equation at points where ergosurfaces merge. 

3 General analysis of ergosurface merger 

Having examined the constraints on mergers of Newtonian equipotentials we now turn to the 
problem at hand: mergers of ergosurfaces in general relativity. We show that — with appro- 
priate assumptions detailed in the following — the relevant component of Einstein's equation 
reduces to the Laplace equation at the merger point. Following the basic strategy of Section 2, 
we use this to prove that the ergosurfaces merge at a universal angle for solutions with angular 
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momentum only in a single plane. 

We will focus on stationary spacetimes in D = d + 1 spacetime dimensions. In Section 
3.1 we consider generalized Weyl solutions, i.e. spacetimes possessing d — 1 commuting Killing 
vector fields. All examples discussed in Sections 4 and 5 fall in this class. In Section 3.2, we 
assume the existence of 2 commuting Killing vectors, one of which is the stationary time Killing 
vector and the other one a rotational symmetry. In addition we require spherical symmetry 
SO{d — 2), or a combination of spherical and toroidal symmetry. (We will see that one only 
needs the spherical symmetry in a limiting sense at the merger point, but it appears unlikely 
that this symmetry will be present if it is not present in the full spacetime.) 



3.1 Ergosurface mergers in generalized Weyl solutions 



Consider a. d + 1-dimensional generalized Weyl metric of the form 

ds^ = Gab dx^dx^ + e^" {dp^ + dz^) . 



(3.1) 



It is assumed that u and the matrix G depend only on p and z and that detC = — p^. G 
encapsulates the metric functions along the d — 1 Killing directions of the spacetime. 
Einstein's equation can then be written compactly as 



G" + G + -G' = G'G-^G' + GG^^G. 
P 



(3.2) 



_l + ^Tr((G"G-i)2-(GG-^^2 
p 4 



^Tr (g'G-^GG-^^ , (3.3) 



dpU and z> 



where for brevity G' = dpG, G = dzG, u' 

Let us assume that the stationary metric (3.1) describes an asymptotically flat spacetime^ 
and that the stationary time coordinate x^ = t is canonically normalized at infinity. Thus 
we are assuming that asymptotically Gu ^ — 1 and Gta — for a 7^ t. The ergosurfaces, if 
present, are characterized by Gu = 0. In general, this determines implicitly the coordinates 
{z,p{z)) of the ergosurface, and we will refer to the set of points {z,p{z)) as the ergosurface 
locus in the [z, p) half-plane. 

If the spacetime has two disconnected ergoregions, then there will be two disjoint ergosurface 
locii in the {z, p) half-plane. If, as parameters in a family of solutions are changed, the locii 
join, then there will be a special intermediate configuration at which the ergosurfaces intersect; 
this is the merger point. (This is completely analogous to the merger of equipotentials, but 
of course with a different physical interpretation.) Locally, near a merger point, the locii can 



^Our results will also apply to asymptotically Kaluza-Klcin spacetimes. 
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be described as the topology change sketched in Fig. 1. A merger point (^oiPo) is therefore 
characterized by 

Gu{zo,po) = 0, G[t{zo, po) = , Gu{zo,po) = 0. (3.4) 

Near the merger point we expand Gu as 

Gtt{z, p) = l^ip- pof + lb{z- zof + c (p - po)iz -zo) + (e^) , (3.5) 

where a = G"^{zq,pq), b = Gtt{zo, po) and c = G[^{zo,po). We will not need the higher order 
corrections O (e^) = O {{z - zq)^, (p - Po)^)- 



Now solving Gu = gives 



p = Po + «±(^ - Zo) + ... , a± 



^ - c ± Vc2 - afo) , (3.6) 



where ". . . " stand for quadratic and higher order terms. It is clear from (3.6) that near the 
merger point the ergosurface locii are approximately straight lines with slopes a±. 

Note that when c 7^ the slopes |a+| and \a- \ will not be equal in magnitude. To take this 
into account, one can rotate the coordinate system at the merger point such that in the new 
coordinates a'_^_ = — a'„ > 0. The merger angle 6*111, which we define as in Fig. 1, is of course 
invariant under this rotation. It is given by 



I a — b — AVTa — &p-|-4c? 

Orri = 71 — arctan(a ) + arctan(a , ) = 2 arccot \ / . (3.7) 

+ ^' i + b- y/ia-b)'' + 4c2 ^ 

The argument of arccot in the second equality is simply the square-root of the ratio of eigen- 
values of the second derivative matrix, the Hessian matrix of Gu, evaluated at {zo,pq). In 
examples where c = we will discuss the slopes and the merger angle on equal footing, but 
when c 7^ we typically suppress the discussion of slopes unless referring explicitly to a± as 
given in (3.6). 

We have not yet used Einstein's equation, but will do so now to determine a, b, c to the 
extent possible. The tt-component of Einstein's equation is 

+ Gu + - = (G" G-' G')u + (G G)u . (3.8) 
P 

Let us consider solutions with angular momentum only in a single plane. ^ Then the metric 



^Solutions with rotation in more than one plane are examined in Section 5. 
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has just one off-diagonal component, say G^^, and the terms on the rhs of (3.8) take the form 
{C G ^ G')tt = — 2 {'^M'^^'ttT ~ '^GttijG[f-G[.ji, + GttiG'^.^)'^) Y\ , (3.9) 

and similarly for {G G^^ G)tt- 

In order to analyze (3.8) near the merger point (2:0; Po) we must consider the cases of po > 
and Po = separately: 

• Po > 0: When po > it is straightforward to see that in the limit {z,p) (zo,Po), the 
conditions (3.4) imply that the rhs of (3.8) vanishes. We are left with 

G';, + Gu = 0, (3.10) 

which gives a = —b. Inserting this into (3.7), we find that the merger angle is 

^m=|, (3.11) 

irrespective of the physical details of the solution.^ 

• Po = 0: First note that Einstein's equation is symmetric under p ^ —p. Hence any 
solution shares this symmetry and the expansion of Gu around p = cannot contain any 
odd powers of p. We conclude that c = in (3.5). 

The limit {z,p) — > {zo,po) must be taken carefully since there are terms both on the Ihs 
and rhs of (3.8) which naively behave as 0/0. A detailed analysis of subleading terms 
in (3.9) shows that the rhs of (3.8) vanishes. However, the G'f-^/p term on the Ihs does 
contribute, and G"^ + Gu + ^ G'^ — > a + 6 + a. Thus (3.8) gives 

6 = -2a. (3.12) 

This fixes the slopes at the merger and the merger angle to be 

a± = ±V2, = 2arctcoty2 ~ 70.53°, (3.13) 

as can be seen from equations (3.6) and (3.7). 

To summarize, the merger angle O^a for ergosurface mergers in singly spinning generalized 
Weyl solutions is universal. It can only take two values, namely those in (3.11) and (3.13), 

^Rcf. [27] derived the relation between the second derivatives of Gu, a — ~b, for general Ernst solutions (or 
any Weyl solution) in four dimensions. 
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depending on whether the merger point is at p > or p = 0. As described in the Introduction, 
the difference between these two cases seem to be related to the co-dimension of the merger 
surface. We will present examples in Section 4. 

3.2 Ergosurface mergers in stationary axisymmetric spacetimes 

We now show that, under mild assumptions, ergosurface merger points are governed by the 
Laplace equation. This follows from an analysis of Einstein's equation. We start with stationary 
solutions with dt being the asymptotic time translation generator. A general metric of this form 
can be written as 

rfs^ = dt^ + 2uJa dx" dt + ds'^{B) , (3.14) 

where S is a co-dimension one surface in spacetime and uj = uja dx"" is a one-form on B. 
While we can analyse Einstein's equations for the metric (3.14), we need to make the following 
assumptions about the 1-form u defined on B to understand the behavior of ergosurfaces. 

Let us first consider the simplest situation, with singly spinning configurations, i.e. a solution 
with non- vanishing angular momentum only in a single plane. We can then write uj = uj^ dip, 
where ip"" = {d^Y is the generator of the rotation.^ We shall further assume that {t^ip) ^ 
(— t, —ip) is a symmetry of the spacetime, which is a reasonable physical requirement for any 
rotating body.^° So we focus on spacetimes whose metric takes the form 

ds^ = -ftt dt^ + 2 dt dip + 7^^- dip^ + ds'^ i^) ^ (3-15) 

where B, which we refer to as the base, is a Riemannian manifold with metric hab- 

We need to determine the local geometry of the ergosurface merger, and to this end we 
require information about Einstein's equation. The equations of motion for metrics with two 
commuting Killing vectors, such as the ones we consider here, are derived in Appendix A. (This 
is a straightforward generalization to D = d + 1 dimensions of Geroch's work [35, 36].) The 
result for Einstein's equation, expressed in terms of the metric components 7jj, i,j = t,ip, and 
the base metric hab is given in (A. 10) and (A. 13). Here we only need the equation for '-/u which 
can be written 

D'^Daju = [(Z5'^7«)(^a7^^) - 2 {Djt^f] - ^ [iMDluY - 2j,4D^j,^){Daju)] • 

(3.16) 

The Da are covariant derivatives with respect to the base metric hab and r = — det (7). 

^For a black hole spacetime, the existence of the second Killing vector -0" is guaranteed by the rigidity 
theorem, which was recently extended to D > 4 dimensions in [32, 33, 34]. 

""^^ Technically, this is equivalent to demanding that -0" be hypcrsurfacc orthogonal on B. Wc require this in 
order to split the metric into a block-diagonal form as in (3.15). 
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We will use the dynamical information contained in (3.16) to learn about the geometry of 
the ergosurface merger. In fact, we will study this equation at the merger point P, to determine 
the angle between the merging surfaces. The rationale for this is that the merger angle is 
defined invariantly in terms of the inner product between the normals of the two components 
of the ergosurface as they intersect. To obtain this, we only need to evaluate (3.16) at P. 

At the merger point we have 7^1 p = D'~ftt\p = 0, which imply that '-/u has to be harmonic 
there 

^V|p = 0, (3.17) 

since all terms in the rhs of (3.16) are explicitly proportional to '-ftt or its first derivatives. Thus 
Einstein's equation for reduces to Laplace's equation at the merger point. Even though this 
equation only holds at one point, it is sufficient to determine the merger angle. To see this, we 
proceed in close analogue with the Newtonian equipotentials in Section 2. 

We need to evaluate the Laplacian of at P, so we choose coordinates in a neighborhood 
of P so that 

hab dx" dx''\p = drl + drl + rl dfi^.g . (3.18) 

Since we have not yet assumed any symmetry on '-ftt near P can depend on all of these 
coordinates. We now make the additional assumption that the ergosurface has SO{d — 2) 
symmetry near P, so that '-ftt depends only on ri and r2. (This will clearly be the case if B 
itself has this symmetry.) If the merger in the (ri,r2) plane occurs at P = (ri^,,r2*) we can 
then expand 

7tt{ri,r2) = I (ri - ruf + c (ri - ru) {r^ - r2*) + ^ (r2 - r2^f , (3.19) 



and (3.17) simply gives 



dhtt + dhtt + {d- ?>)-d2itt = . (3.20) 



^2 

It follows from (3.19) and (3.20) that 

a = -h if r2*7^0, (3.21) 

a = -{d-2)h k c = if rg* = . (3.22) 

When r2=i, = 0, reflection symmetry in r2 forces c = 0. As in Section 3.1, it follows that in the 
(ri, r2)-plane the merger angle is 7i/2 if r2* 7^ 0, and 2 arccotVc^ — 2 if r2* = 0. Again, this is 
independent of all other details of the merger. 

If we had not assumed spherical symmetry SO{d — 2), but instead SO{d — k — 2) x U{1)^, 
then we would have found slopes d — k — 2 when r2* = 0. Comparing with Section 2 in which 
we analyzed Laplace's equation in ci- dimensional flat space, here we have Laplace's equation in 
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d — 1 space dimensions, since the T/^-direction is treated separately. 

The Weyl solutions of Section 3.1 are simply the case oi k = d — 4. The sphere part of 
(3.18) is then just a circle; let it be generated by the Killing vector d^. The d — 1 commuting 
Killing vectors of the Weyl solution are then dt, d^, and the k = d — 4 Killing vectors of the 
k [/(l)'s. Consistently, the slope of ^/2 was found in both analyses for the case of = and 
the merger angle 7r/2 if ^ (in Weyl coordinates, p = and p > 0, resp.). 

We noted earlier in Section 3.1 that when the solutions have angular momentum in multiple 
planes, it is harder to analyze the dynamical equation for 'ju at the merger point. The terms 
coming from the rotation couple to the equation determining in a non-trivial fashion. We 
know from explicit examples in five dimensional Weyl solutions that universality is lost when 
more than one angular momentum is turned on and it can be expected that this also holds for 
other solutions in higher dimensions. 

Finally, it is worth pointing out that the results obtained here will also be valid when a 
cosmological constant A is included. The relevant effect of A is an additional term proportional 
to A on the rhs of (3.16); this follows from (A. 10). On the ergosurface, and hence in particular 
at the merger point, this term vanishes. 

4 Examples of universal mergers 

The two analyses of the previous section show — for solutions of the vacuum Einstein's equation 
with spin in a single plane — that if ergosurfaces merge, then they merge with specific merger 
angles which depend only on the dimension of the spacetime and the symmetries of the solution. 

The examples presented in this and the following section illustrate that there exist black 
hole solutions in which ergoregions merge and that the ergosurfaces can change topology as the 
solution parameters are varied. We consider in this section solutions with angular momentum 
in a single plane, and we show that they realize the specific merger angles found in the general 
analysis of Section 3. Our primary example is the 4-|-l-dimensional Black Saturn solution, but 
we consider also the double Myers- Perry Weyl solution in 4+1-dimensions. 

4.1 Singly spinning Black Saturn ergosurface mergers 

The Black Saturn solution [17] consists of a black ring with horizon topology x balanced 
by rotation around a black hole with horizon topology S'^. Each black object can carry angular 

^^To see this consider the simple extension of (A. 10) with 7 elevated an x matrix encoding all the 
rotation terms. The non-trivial source for the Laplace equations comes from cross-terms on the rhs; it is the 
presence of this source which induces the non-universality. Essentially, multiple spins can conspire to provide 
non-trivial source to the Laplace equation. 
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momentum in the plane of the ring, and be co- or counter-rotating depending on the relative 
signs of their angular velocities. The system has 2-fold continuous non-uniqueness: fixing 
the ADM mass and angular momentum at asymptotic infinity, one can continuously vary the 
distribution of mass and angular momentum between the two objects. The requirement of 
balance fixes the radius of the ring. Thus, as parameters of the solution are varied, the proper 
distance between the black hole and the black ring will change, and they may be brought 
together close enough for the ergoregions to merge. The Saturn solution is exact, so the merger 
can by followed analytically and the solution parameters tuned precisely to the merger point. 

Ergoregion mergers take place only when the two ergoregions are co-rotating, so we consider 
the Saturn configurations in which the black hole and the black ring have angular velocities 
of the same sign. In fact, we focus primarily on the (simpler) subfamily of Saturn solutions 
in which the black hole has no intrinsic angular momentum, i.e. vanishing Komar angular 
momentum JKomar ~ 0- The black hole is nonetheless still rotating, it has non- vanishing 
angular velocity. This is due to rotational dragging by the surrounding rotating ring [17]. 
Necessarily, the hole and the ring are then co-rotating, and there is 1-fold continuous non- 
uniqueness corresponding to distributing the total mass between the two objects. Near their 
horizons there are ergoregions: we are going to show here that when the two black objects are 
far apart the spacetime has two disjoint ergoregions, but when sufficiently close the ergoregions 
can merge. 

All necessary properties needed to study the ergoregions of Black Saturn were presented in 
[17], and we will refer to this work for specific details while including here only a minimum of 
detail to keep the presentation clear. We proceed now to show that ergoregions can merge in 
the Saturn solution, we examine the conditions under which it happens, and finally we illustrate 
the merger location on a selection of branches of Saturn solutions in the "phase diagram" of 
4-|-l-dimensional black holes. 

4.1.1 Parameterization and constraints 

The balanced Black Saturn solution is parameterized by an overall length scale L, and three 
dimensionless parameters ^1,2,3- The solution is of the Weyl form (3.1) with Killing directions 
= t, 0, ip, and it can be characterized in terms of its rod structure which is given in Fig. 3 
(see [17] for a details). The parameters ^1,2,3 are directly related to the lengths of the rods, as 
shown in Fig. 3, and must therefore satisfy the inequality 



The rods are located at p = 0. The finite rods z G [^3,^2] and [ki,1] are the locations 



< < K,2 < Ki < 1 . 
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(1,0, O^R) (l,0,l^i^H) 

(0,1,0) (0,1,0) 

(0,0,1) 

K3 K2 1 

Fig. 3: Rod structure of the Black Saturn. 



of the black ring and black hole horizons, respectively.^^ Note that p = and z E [k2, ki] 
parameterize the part of the plane of the ring that lies between the ring and the hole horizons, 
while p = and z G {—00, H3] is the plane outside the ring. Finally p = and z G [1, 00) is 
where the orbits of shrink to zero. 

The general Saturn solution includes a fourth dimensionless parameter C2 which is fixed in 
terms of Ki 2 3 as 



1 

C2 = — 



1^1-1^2 _ ^ 



(4.2) 



Equation (4.2) is the balance condition which ensures that conical singularities are absent, so 
that the solution is regular on and outside the horizons. 

The intrinsic angular momentum JKomar vanishes if and only if C2 = [17]. We comment 
briefly on JKmnar 7^ at the end of the section, but will from now on focus on the subfamily 
of Saturns with JKomar — 0- The balance condition (4.2) must then be solved with C2 = 0. It 
is convenient to solve for ^3; there are two solutions, but one is disgarded because it does not 
satisfy K3 < K2. The valid solution is 




Kl(l - K2) [4K2(2Ki - k\ — K2) — Ki{l + KiY{l - K2)] 



Ki{l - K2) 



(4.3) 



The expression under the square root is positive for < K2 < ki < 1, so the solution is real. It 
can also be seen that K3 > 0, but the condition n*^ < K2 requires that 

> /«r = > ^2 . (4.4) 

Z — K2 

When the parameters Ki.2,3 of the solution are varied it must be done subject to the conditions 
(4.3) and (4.4). 

It is useful for the interpretation of the results to replace one of the Kj's with the Komar 



^^Wc are working with dimensionless coordinates; dimensions arc restored by multiplying z, p and Ki by 
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mass of the black hole. In all applications here, we eliminate the overall scale L of the solution 
by fixing the ADM mass of the system and work with dimensionless variables. The ratio of the 
black hole Komar mass to the total ADM mass is^^ 

^ ^Komar 1 — Ki 

= 7T — = • (4.5) 

Note that < m < 1. We can consider m an estimate of how much of the total mass is 
located in the black hole. Note that the sum of the black hole and black ring Komar masses 
equals the ADM mass, since the solution solves Einstein's equation in vacuum and has no naked 
singularities. 

Solving this for ni in (4.5) gives 

Tfl 

t^l = l ^2 . (4.6) 

m — 1 

The condition k™"' < of (4.4) now requires for given m that 



max/ \ 1 + m - a/1 - 2m + 5m2 

K2 < m = ^ ■ (4.7) 

2m 



To summarize, for given relative mass m of the Myers-Perry black hole of the Saturn system 
with JKomar = 0, we have one free parameter, K2, which takes values 

0<K2< <'^"(m) , (4.8) 

and Ki and are fixed by (4.3) and (4.6). Since we have fixed the total mass M and the 
mass of the central black hole m, the free parameter corresponds to changing the ADM angular 
momentum. As this is done, the ring radius varies accordingly to maintain balance. 



4.1.2 Mergers do happen! 

The location of the ergosurface(s) is found by solving the equation Gtt{z,p) = 0. For Black 
Saturn Gu = —Hy{z,p)/Hx{z,p) is a rather involved function of {z,p). Its specific form is 
given by equations (2.26)-(2.33) of [17]. 

In the limit p ^ 0, the equation Gtt{z,p) = becomes more tractable. We take the limit 
subject to the condition that z G [k3,K2]. This means that we restrict ourselves to the plane 
of the ring, between the ring and hole horizons. The plane of the ring is a plane of symmetry 
of the solution, so if there are two disjoint ergosurfaces, they must necessarily both intersect 
the plane between the black hole and the black ring. This means that Gu{z, 0) = must have 

i^This follows from (3.34) and (3.30) of [17]. 
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two real roots z± G [^3, K2]. If there are no such solutions, then there cannot be two disjoint 
ergosurfaces, and instead the two rotating objects must be surrounded by a single ergoregion 
with a single component ergosurface which only intersects the plane of the ring outside the 
ring. Thus, when Gtt{z, 0) = has a double root, z+ = Z-, this is exactly the merger point of 
interest. 

To be specific, when JKomar — 0' equation Gtt{z, 0) = gives the simple polynomial 

z"^ - Z [ki + K2 + K3 - Ki K2 K3)] + Ki + K,2 K3 + K3 Ki - 2 Ki K2 K3 = . (4.9) 

Reality of the roots requires 

f{Ki,K2,K3) = [ki + K2 + K3 - Ki K2 l^3)Y - 4:[l^l 1^2 + 1^2 K3 + K3 Ki - 2Ki K2 K^] > 0, (4.10) 

with equality corresponding to the merger point. 

To demonstrate that mergers do occur, one simply has to show that the function / = /(kj) 
changes sign when the parameters Hi are varied subject to the conditions described in Section 
4.1.1. One easily finds that the ergosurfaces of the Saturn system do merge! 

It is illustrative to plot a sequence of ergosurface locii in the {z, p)-plane. For this we solve 
Gu{z, p) = numerically. In Fig. 4 shows the result for fixed black hole mass meH = 0.5. When 
the two black objects are far apart, as in Fig. 4(a), there are two disjoint ergosurfaces, and as 
they come closer they merge. Fig. 4(b) is precisely the configuration at the point of merger. In 
Fig. 4(c) and Fig. 4(d) the ergoregions have merged, and the ergosurface has changed topology 
from the disjoint set of x and to a single surrounding both the hole and the ring 
— it tends to become rounder as the black ring comes closer to the Myers- Perry black hole.^^ 
Note: the distance along the 2;-axis does not properly represent the distance between the two 
objects. Instead one should use the proper distance between the black hole and the black ring 
in the plane. This was done in [17], and those results confirm that the proper distance decreases 
monotonically along the sequence of plots shown in Fig. 4. 

4.1.3 Merger angle and slopes 

Our general analysis of Section 3.1 for Weyl solutions tells us that the merger angle in the 
Saturn ergosurface mergers must be 9 m ~ 70.53° and that the slopes of the tangents at the 
merger point are a = ±\/2, since this is a case where the merger point is at p = 0. This is 

^"'Note that for Weyl solutions, the topology change can be inferred directly from the rod diagrams such as 
Fig. 3. In all plots in the (z,p)-plane we indicate the rod structure by labeling the end-points along the z-axis, 
see e.g. Fig. 4. The ergosurface topology is obtained by looking at the fixed points of the rotational Killing 
fields. For instance, an ergosurface that intersects the z-axis on two different rods lying along the 0-axis will 
have topology x S^. See Appendix D for further details. 
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Fig. 4: Sequence of Black Saturn ergosurface locii for fixed mBH = 0.5 and ^Komar ~ 0. The black 
horizontal rods [^3,^2] and [ki,1] show the locations of the black ring and hole horizons, resp; 
compare with Fig. 3. (a) The black ring and black hole are widely separated. The ring has its 
own ergoregion with x ergosurface and the hole has a S"^ ergosurface, which touches the 
horizon at the pole at z = 1. (b) Merger configuration ((K2)mergor ~ 0.307): the ergosurfaces are 
just touching. The slopes of the tangents at the merger are ib\/2. (c) There is a single ergosurface 
with topology surrounding both the black ring and the black hole. The ergosurface still always 
touches the black hole horizon at the pole at z = 1. (d) The S"^ ergosurface tends to become 
rounder as the ring and hole come closer. 

easily confirmed by an explicit calculation using the exact Saturn solution. We note also that 
the merger point extends along a circle in the plane of the ring. The plane is characterized as 
the location where the azimuthal circles of the shrink to zero size. So the merger "surface" 
(spatially) 1-dimensional, and hence the co-dimension is 5 = 4— 1 = 3. The result a = 
matches the expectation \/6 — 1. 

4.1.4 When do mergers happen? Critical BH mass 

When does the black ring get close enough to the black hole for the ergoregions to merge? 
Intuitively, if the black hole is too "big" , the ring cannot rotate fast enough to balance itself 
very close to the black hole, and then the ergoregions may not merge. This is verified by the 
existence of a "critical" black hole mass rric which is an upper bound for Saturn mergers. 
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To determine rric, we must solve / = with / given by (4.10) with Ki = k* and K3 = Kg 
from (4.6) and (4.3). This gives an equation in K2 and m. We note that the hmit /t2 — > 
corresponds to the large radius limit of the ring, whereas K2 k™**^, with nf^^ of (4.7), is the 
point of closest approach (minimal proper distance) between the black hole and the black ring. 
At the critical value nic, the ergoregions would just touch at the points of closest approach. So 
to find rric, we plug in K2 = k^^^ into (4.10). If the above substitutions are done so that surds 
are systematically eliminated from the equation, then one can solve for rric exactly. The result 
is 

20 

= — ^ 0.6897... (4.11) 

29 ^ ^ 

The corresponding critical values of the total (dimensionless) angular momentum and black 
hole Komar mass are^^ 

08 1 q5/2 

^"=(29F"°-'''--" "" = ^"2.02... (4.12) 

Mergers happen for < j < 1 and < a^. 

Note that the dimensionless area and angular momenta are defined as 

.2 277r J2 3 /S" Ai 



^ 32G5M3' °« 16 V 7r(G5M)3/2 ' ^^'^^^ 

where the script i labels either the black hole {i = BH) or the black ring (i = BR). The angular 
momentum J, areas Ai, and mass M are given in (3.31), (3.26)-(3.27), and (3.30) of [17]. The 
total area is a^*^' = a^^ + a™. 



4.1.5 Phase diagram 

Consider the "phase diagram" showing total area, a^^'^^, versus total angular momentum 
squared, j^, for fixed ADM mass M. We will illustrate here where on the Saturn "phases" 
branches the merger occurs. We only consider Saturn configurations with JKomar ~ 0- 

If the of the black hole is held fixed, then — as the angular momentum of the ring 

is varied — the Saturn configuration has a thin and a fat ring branch in the phase diagram. 
The thin and fat branches meet at a cusp. Several examples are shown in Fig. 5 (black curves; 
for reference, shown in gray are the phases of the Myers-Perry black hole as well as the black 
ring).^^ On the thin ring branches, the separation between the black hole and the black ring 

i^Wc have used (4.5) and eqs. (3.30)-(3.31) and (4.1) of [17]. 

^^For more details on black ring thin and fat branches, see [37, 22, 23]. The phases of Saturns shown here 
are of the same as those in Fig. 5 of [17]. 
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can become arbitrarily large as the angular momentum is increased. On the fat ring branch, 
the ring flattens out as j increases towards a maximum at which the ring becomes singular. 
The dotted curve in Fig. 5 outlines these fat branch endpoints. 

Without a central black hole, the ergosurface of the singly spinning black ring only self- 
intersects in the singular limit j — > 1, an — ^ where the fat ring branch ends. When a small 
black hole is present, i.e. is very small, the ergosurface merger will take place near the 
end of the fat branch of the Saturn phase. As is taken to be larger, the merger point 
creeps up the fat ring branch towards the cusp where the thin and fat ring branches meet. 
The smallest flxed black hole area curve shown in Fig. 5 has a™ = 0.03, and here the merger 
point has already come up very close to the cusp, as shown by the red indicator line (see also 
insert in Fig. 5 which zooms in on this region). For the next value, = 0.3, the merger 
happens on the thin ring branch, but still close to the cusp. For all subsequent values shown, 
= 0.9, 1.1, 1.5, 1.75,2 the merger point has again come down on the fat ring branch. As 
the black hole area is increased towards the critical value a™ ~ 2.02 of (4.12), the merger 
point again approaches the endpoint of the fat ring branch where it eventually disappears when 



4.1.6 Saturn with J^^^^^ ^ 

When JKomar 7^ 0' merger of the ergoregions require that the black hole and black ring are 
co-rotating, i.e. their angular velocities have the same sign. Such configurations exist and we 
have verified in examples that they exhibit mergers. The slopes of the tangents at the merger 
points are confirmed to be the expected ±^/2. 



4.2 Multi-ring configurations 

Saturn configurations with multiple rings can be constructed with the inverse scattering method, 
as can di-ring (or multi-ring) systems without the central black hole. According to our general 
analysis, these singly spinning configuration will also have universality when the ergoregions 
merge. The merger slope is ±-\/2; we have confirmed this explicitly for the di-ring system 
which was previously constructed in [18, 19]. The physics of mergers in this case parallels that 
of Black Saturn. 

One can also consider the bi-ring system [20, 21] with spin in a single plane. This solution 
is not balanced. However, one does have merger configurations, where merger occurs for po ^ 
and leads therefore to a merger angle of 7r/2 universally. We will return to a discussion of the 
bi-ring system with spins in both planes in Section 5.2. 
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Fig. 5: Phase diagram with total horizon area a^**^' versus total angular momentum squared j^. The black 
curves show branches of Saturn configurations with fixed a™ = 0.03,0.3,0.9,1.1,1.5,1.75,2. 
The red indicators show where on each branch the ergoregion merger happens. A red indicator 
over the branch means the merger is on the upper thin ring branch, under means the merger is 
on the fat ring branch. The orange curve is the curve of exact merger points. The gray curves 
show the branches of the singly spinning Myers-Perry black hole and the single black ring. The 
dotted curve is the end of the fat Saturn branches (corresponding to a Myers-Perry black hole 
surrounded by a nakedly singular black ring). 

4.3 Singly spinning double Myers-Perry configurations 

The "true" double Myers-Perry black hole solution is expected to have only one rotational 
U{1) symmetry. This solution does not belong to the generalized Weyl class and has, as of 
now, not been constructed. Within the class of Weyl solutions, however, there are two distinct 
rod configurations that describe two static black holes held apart by conical singularities. 
Rotation can be added using the inverse scattering method, and the result are two distinct Weyl- 
type double Myers-Perry black hole configurations. One of these cases was recently studied in 
[38]. We consider the other case here, but focus on the subfamilies with angular momentum 
only in one plane of rotation. Balance can never be achieved in these configurations which 
therefore have conical singularities that keep the two black holes apart. This, however, does 
not interfere with our analysis of the ergoregion mergers. 

The rod configurations for the double Myers-Perry Weyl solutions of our interest are given 
in Fig. 6. The rod diagrams discriminates between the two rotational Killing vectors, and 
djjj, in that one of them shrinks to zero in a plane between the two black holes and the other 
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Fig. 6: Rod structure for the two singly spinning double Myers-Perry Weyl solutions. 

one does not. Therefore we consider separately tlie cases with rotation added along (p and ip. 
We refer to these two different singly spinning cases as Config. A and Config. B (see Fig. 6). 
An outline of how to construct the solutions is given in Appendix B. 

Consider first the solution described by Config. A and fix the total mass so that we work 
with dimensionless quantities. When the total angular momentum, in this case j^, is small 
enough, each black hole has its own ergosurface with topology. When we vary and 
the distance between the two black holes, the ergosurfaces can merge. The merger point is 
located at po = 0, and, as expected, the tangents at the merger point have slopes and 
the merger angle is ~ 70.53°. After the merger the topology of the ergosurface is x S^. 
The ergosurface after merger remains pinned at the "outer" poles of the two black holes; this 
and related properties are discussed briefly in Appendix D. The location of the merger point 
is on the "-^-axis" where the orbits of shrink to zero. The merger "surface" is therefore 
1- dimensional; so as for Saturn 6 = 3. 

In Config. B the black holes have non- vanishing angular velocity Q^, but = 0. Only 
the first black hole has non- vanishing intrinsic (Komar) angular momentum j^, but both black 
holes rotate and have ergoregions due to rotational frame dragging. As is increased and the 
distance between the black holes decreased, the ergoregions can merge. The merger point is 
located at po > 0, and hence the merger angle is 9^ = ^. The topology of the ergosurfaces 
changes from two disjoint S'^'s to an outer ergosurface of topology x inside which there is 
a second inner ergosurface, also of topology x S^. The latter touches the black hole horizons 
on the poles where has fixed points. (See also Appendix D.) Both the 0- and '0-circles have 
non-zero size at the merger point, so the merger surface is 2-torus of co-dimension 6 = 2. 



25 



5 Non-universality for multiply spinning configurations 



In this section we consider ergosurface mergers in multiply spinning systems. We focus our 
attention to five- dimensional Weyl-type solutions, where we can be fully explicit. For this class 
of doubly spinning solutions, we show that in general the angle at the merger point is not 
universal. To illustrate non-universality, we study ergosurface mergers in bi-rings and in the 
doubly spinning ring. This latter case is interesting by itself since it is the first example in 
which an ergosurface merges with itself. 

5.1 Ergosurface mergers in five- dimensional doubly spinning Weyl 
solutions 

The reason why universality is lost for multiply spinning systems is that Einstein's equation for 
the Gtt component of the metric no longer reduces the Laplace equation at the merger point. 
We illustrate this for the case of Weyl solutions with angular momentum in two planes. 

The relevant component of Einstein's equation is given in (3.8), and following our analysis 
in section 3.1, we consider the expansion (3.5) of Gu near the merger point. For simplicity, let 
us just consider the case where the merger point (2:0, po) has po > 0. Then the last term on the 
Ihs of (3.8) vanishes, G'^^/ p —>■ 0, but the terms {G'G~^G')u and {GG~^G)u have simple limits 
which can be expressed in terms of the off-diagonal components of the metric. We find 



Clearly the rhs is positive (and non-zero) for a general doubly spinning configuration. (When 
the configuration is singly spinning we recover the result a = —b found in Section 3.1 which 
implies that 6'ni = 7r/2.) 

In the doubly spinning case, the merger angle will depend on the values of Gt(j) and and 
their derivatives at the merger point, and we cannot expect universal behavior. The bi-ring 
system is an example of a doubly spinning solution for which the ergosurface merger points are 
located at po > 0, and indeed we show in Section 5.2 that the merger angle depends on the 
parameters of the solution. 

When Po = 0, the limit {z,p) {zo,pq) is more subtle, as we already noted in Section 3.1. 
An example of this type is the ergosurface self-merger of the doubly spinning black ring. We 
show in Section 5.3 that the merger angle for this system is non-universal. 




2 



J {z,p) = {zo,po) 



(5.1) 
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Fig. 7: Rod structure of the bi-ring solution. The directions of the horizon rods depend on the angular 



velocities n^!\, which are given in (2.28)-(2.29) of [21]. 



5.2 Bi-Rings as example of non-uniqueness 

The 4+1- dimensional bi-ring solution describes two concentric black rings placed in orthogonal 
2-planes. In the solution, constructed by the inverse scattering method in [20, 21], each ring 
carries angular momentum in its respective plane. This allows balancing the solution, so that 
it is free of singularities on and outside the horizons. 

The properties needed for our analysis here can be found in [21], so we will be brief. The 
bi-ring solution is of the Weyl form and its rod configuration is shown in Fig. 7. In addition to 
an overall scale L, the solution is parametrized by five dimensionless parameters Kj, i = 1, . . . 5, 
which are directly related to the rod configuration in Fig. 7 and satisfy the ordering 

< Ki < < K3 < K4 < K5 < 1 . (5.2) 



The horizon of ring 1 is located at p = and 2 G [ki, K2], and the horizon of ring 2 lies at 
p = and z e [^4, ^5]. The two ring planes are also located at p = 0: for ring 1 the region 
z g]oo, Hi] lies outside the ring and z G [^2, ^^3] inside, while for ring 2, 2; G [^3, K4] is inside the 
ring and z G [^5, oo[ outside. 

The parameters are constrained by two balance conditions (one for each ring): 

^ _ ^/K^K^jl - hii){K3 - K2){k^ - Hi){ha - ^2)(^5 - ^2) 
^4(1 - K2)(k3 - fi;i)(/t5 - /ti) 

(5-3) 

^ _ \/^5(l - - %)(^4 - ^l)(^4 - ^3)(^4 - ^2)(^5 - ^2) 



The conserved charges are the ADM mass M and angular momenta and in the two 
planes of the rings. Fixing M, and leaves only one free parameter after solving the 
balance condition (5.3), and hence the solution has 1-fold continuous non-uniqueness. This 
corresponds to different distribution of the mass between the two rings. Thus one can hold 
M, and fixed while varying the mass ratios of each ring mi and m2 (mi + m2 = 1 are 
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Kiw 0.281, K2~ 0.347, K3 = l/2, K4W 0.653, K5 ~ 0.719 




Ki« 0.174, 0.194, 0.463, K4 « 0.478 , K5 « 0.536 
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Ki« 0.108, K2« 0.114, K3« 0.325, k4« 0.337, Kg « 0.402 

Fig. 8: Non-uniqueness in bi-ring ergoregion mergers. The ergosurface locii are shown at the merger 
points for three different sets of values of parameters. We fix the conserved angular momenta 
and the total mass and tune the balanced bi-ring solution to be at the ergosurface merger point. 
Tangents at the merger point are included (in gray) to guide the eye. The value of the merger 
angle 6^ is given in each case. The ticks on the z-axis mark the values of the Kj. The horizontal 
bars indicate the location of the horizons. 



the Komar masses normalized by M). As tlie ring radii slirink and grow with changing mass 
distributions, their ergoregions enjoy a privilege to join and separate. 
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We show three examples of bi-ring ergoregion mergers in Fig. 8. The first case shows the 
ergosurface merger for the symmetric bi-ring configuration, which was studied in detail in [21]. 
In this case the rings are identical, so the magnitudes of the angular momenta in the two planes 
are the same, and they satisfy > 0.246. The phase diagram is shown in Fig. 5(a) of [21]. 
The ergoregion merger happens at ~ 0.24588 and takes place on the fat ring branch. The 
slopes of the tangents at the merger point are a± ~ =f1.564. 

The two other examples of ergoregion mergers in Fig. 8 are for asymmetric bi-ring configu- 
rations. We fix the dimensionless angular momenta at different values, then solve the balance 
conditions and merger conditions all simultaneously to find the values of and (2o,Po) at the 
merger point. The freedom to find the merger point lies in the 1-fold non- uniqueness allowing 
different mass distributions. In each case in Fig. 8 we give the corresponding mass ratio mi for 
ring 1. 

It is visually obvious that the tangents at the merger points have different slopes in the 
three examples of Fig. 8. However, it is more important to realize that the angle between the 
tangents changes as the parameters are varied. Thus the merger angle depends in detail on the 
parameters of the solution and there is no universality. 

Finally, let us point out that when the ergosurfaces merge in bi-ring configurations, the 
topology changes from two disjoint x to S^. To be more precise, after the merger, there 
are both an inner and an outer ergosurface of topology S'^: the black ring horizons both lie 
inside the outer one, but outside the inner one. The surface of merger points is a 2-torus. 

5.3 Doubly spinning black ring as an example of self- merger 

The doubly spinning ring [13] has angular momentum in the plane of the ring, as needed for 
balance, and in the orthogonal plane, i.e. the of the ring is also rotating. When the ring 
is large and thin, the ergosurface has topology x S\ just like a singly spinning ring, but 
when the ring becomes fatter, the spin of the plays a significant role. It turns out that 
the ergoregion can merge with itself across the center of the ring, so that the topology of the 
ergosurface changes from x to S"^.^^ At the same time, an inner ergosurface appears 
to exclude the center of the ring from the ergoregion. This is necessary because the center 
in the plane of the ring cannot belong to the ergoregion as it is a point of symmetry. For 
comparison, the singly spinning black ring with angular momentum only, has an ergosurface 
with topology x which never self-intersects, except in the limit where the fat ring becomes 
singular as j ^ 1 and an 0.^^ 

Let us first briefly review the balanced doubly spinning black ring solution of [13] . The metric 

"'^^This has also been noticed by Mark Durkee (private communication). 

^^We are grateful to R. Emparan for discussions of this and several other related points. 
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Fig. 9: Rod structure of the doubly spinning ring. Expressions for the angular velocities ,^ in terms of 
A and u can be found in [21]. The relationship between K12 and X,v is given in (5.9). 



is written in ring coordinates {x,y) with — 1 < x < 1 and y < —1 and {x,y) — ^ (—1, —1) being 
asymptotic infinity (see [8] for further details). The part of the plane of the ring connecting to 
the outer rim of the ring is located ata; = — 1, y<— 1, while the part of the plane connecting 
to the inner rim is at x = +1, y < —1. 

The solution has one dimensionfuU parameter k, which sets the scale, and two dimensionless 
parameters A and u satisfying 

0<u<l 2^<\<l + u. (5.4) 

The limit A 2^/l' gives an extremal ring with zero temperature; a microscopic calculation 
of its entropy was presented in [39]. In the limit A ^ 1 + the ring collapses to an extremal 
Myers- Perry black hole [39, 21]. 

The tt component of the doubly spinning black ring metric [13] is 

_ H{y,x) 

where 

H{y, x) = 1 + A^ - + 2A z/ (1 - y^) X + 2A (1 - xV^) ?/ + z/ (l - A^ - i/^) x'^y^ . (5.6) 

The ergosurface is located at the solutions to H{y, x) = 0. 

Let d^p be the Killing vector generating the of the ring. The orbits of close off 
smoothly aX y = —1, which we will denote the "-i/^-axis". (We use the notation of [21] where 
i(j parameterizes the of the ring and (x, 0) parameterize the S^.) If the ergosurface is to 
intersect itself, the merger must necessarily take place on the tp-a.xis. Setting y = — 1 in (5.6) 
we find that the ergosurface intersects the i/j-axis at 

X. = ± J ' , ■ (5.7) 
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Fig. 10: Left: Self-merger of the ergosurface in the doubly spinning ring with v = 0.17. We have fixed 
the scale by setting k = 1. The superimposed figure shows in detail the region of interest. 
The merger angle is 6^^ ~ 119.5°. Right: As the ring becomes fatter, A > Ac, there are two 
ergosurfaces of S'^ topology, and inner and an outer one. 



The expression under the squareroot is non- negative when A + z^ > 1, so only such solutions can 
have self-merging ergoregions. It can be verified that < < 1 for all u, A satisfying A + z/ > 1 
in addition to (5.4). The solution x_ is the intersection of the outer (inner) ergosurface 
with the ip-axis. The merger point is where the inner and outer ergosurfaces precisely touch, 
and that happens when x+ = x_ = 0, i.e. when 



A. 



(5. 



The lower bound (5.4) on A implies that a merger point only exists when v < 3 — 2v^ ^ 0.1716. 

In the previous sections we characterized the merger point as a point where Gu and its 
first derivatives vanished. The merger point {x,y) = (0, —1) identified above satisfies precisely 
these conditions, but we have to be careful when verifying it. This is because the metric has a 
coordinate singularity at ?/ = — 1, where the metric component Gyy oc diverges. Introducing 
a new coordinate Y by setting y = —1 — y^, the metric will be regular at F = 0. It is simple 
to verify then that Gu = dxGu = dyGu = has only one solution, namely (x, Y) = (0, 0) and 
A = Am = 1 — i^- 

To be able to compare directly with the other solutions considered in this paper, we will now 
switch to Weyl coordinates {z, p). The needed coordinate transformation from ring coordinates 
(x, y) is given in Appendix C. Figure 9 shows the rod structure; the rod endpoints ki 2 are 
related to A, z/ by 

VA-4Z/2 VA-4Z/2 

(5.9) 



1^2 



VA - 4 z/2 



By the coordinate transformation given in (C.3), the merger point is located at po = and 
Zq = (We have fixed the scale by setting k = 1.) Expanding Gu near the merger point 
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Fig. 11: Self-merger phases in the doubly spinning ring phase diagram (see [21] for further details). The 
light gray curves correspond to the phases of doubly spinning black rings with constant j^, for 
•^0 ~ 11' lb' TM' W) (^''O'^ '^ft to right). The thin black curve shows the phase of singly 

spinning black ring, and the thicker black curve shows the phase of extremal doubly spinning 
ring. The red curve shows where the self-merger of the ergoregions takes place. There is at 
most one self-merger configuration for each j^. The dashed curve is the limit where the ring 
collapses to an extremal Myers-Perry black hole; the horizon area is discontinuous in this limit, 
so the dashed curve does not itself represent a phase, but only outlines the limiting value of the 
black ring area. 



gives 

Gu ^ -^{z - zmY + ^p' + ... (5.10) 
8 IGu 

Hence, the slopes of the tangents at the merger point are ±a/2z/, and as a consequence the 
merger angle 9^ = 2arccot (y^) is non- universal. 

Figure 10 shows an example of the ergosurface locii merger in the {z, p) plane. This is the 
case where u = 0.17, so the merger angle is 6*^ ^ 119.5°. Generally we find that the merger 
angle varies between 119.28° < < 180°. The lower bound is obtained when z/ ^ 3 — 2-\/2, 
whereas 6^ approaches 180° in the limit where the angular momentum vanishes and the 
ergosurface only merges in the singular limit. 

Where in the phase diagram an vs. does the ergoregion mergers take place? We illustrate 
this in Fig. 11. The gray curves are doubly spinning black rings with fixed j^, which can vary 
between and 1/4. These curves begin on the monotonically decreasing black curve, which 
is the phase of the extremal doubly spinning black ring, and they end on the dashed curve; 
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in this limit the ring collapses to an extremal Myers- Perry black hole.^^ The red curve in 
Fig. 11 shows where on the fixed- branches the mergers occur. When is sufficiently large, 
j<j> > j<p,c = hsj ^ ~T ~ 0.228, the ergoregion does not undergo self-merger, but it is so large 
that it always connects across the -j/^-axis. In that case there is an inner and outer ergosurface, 
each of topology S^. Note that c is the value of for which the ergosurface of the extremal 
doubly spinning black ring self-intersects. The merger surface is 1-dimensional, so 5 = 3. 



6 Discussion 



We have analyzed key aspects of ergosurface mergers, uncovering an intriguing universality 
for a certain wide class of stationary spacetimes. We considered asymptotically fiat vacuum 
solutions with rotation in a single plane that depend on two variables: these can be thought 
of as a radius in the plane and a distance off the plane. (We also assumed a discrete reflection 
symmetry.) This includes all known singly spinning black hole solutions. We proved that 
if ergosurfaces merge, the merger angle is universal: it depends only on whether the merger 
occurs on the plane of rotation or off, not on any specific details such as mass and angular 
momentum. This remarkable result follows from the structure of Einstein's equation. Indeed, 
the relevant component of Einstein's equation becomes the Laplace equation for Gu near the 
merger point, so the merger behaviour is mimicked by many more familiar systems in nature, 
such as Newtonian equipotentials. 

To demonstrate that our results pertain to known solutions, namely systems of black holes 
and black rings, we have analyzed a number of such solutions explicitly. Table 1 summarizes 
the examples of ergosurface mergers discussed in Sections 4 and 5. All examples of exact black 
hole solutions where we have investigated ergoregion mergers belong to the Weyl class. The 
location of the merger point, whether at p = or p > 0, is in examples of regular Weyl 
solutions related to the co-dimension 5 of the merger surface, and the merger angle is then 
simply 6*^ = 2 arccot — 1. (For nakedly singular Weyl solutions, or more generally for the 
solutions considered in Section 3.2, we do not have a proof of the relationship between the 
location of the merger point at p = or p > and the co-dimension of the merger surface.) 

Table 1 demonstrates explicitly that single spin is crucial to guarantee universality. It is clear 
that we need not require that the solution in question is balanced; conical singularities do not 
interfere with universality. On the other hand, ergosurfaces of doubly-spinning solutions merge 
in a non-universal fashion. In the case of multiply spinning systems, as we have seen explicitly 
in Section 5, the lack of universality arises due to interactions between spins in different planes. 

"'^^The horizon area jumps discontinuously in this hmit, so the dashed curve only represents the hmiting value 
of the doubly spinning ring's area, it docs not represent the actually phase of the extremal Myers-Perry black 
hole. 
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Table 1: Summary of known results for the merger slope in the {z^p) plane for various configurations. 

The column J shows in how many independent planes the solution has rotation. 8 is the 
co-dimensionality of the merger surface. 

The spins conspire to induce a source term for the equation of motion for Gtt near the merger 
point. As the source depends on the physical details of the constituent black holes, universality 
is lost. 

Studying ergosurface mergers rewarded us with a rich set of examples of topology change 
for physically preferred surfaces. Unlike the situation for black hole horizons, whose allowed 
topology is restricted by the topology theorems, there are no known constraints on ergosurface 
topology. For example, already in 4 spacetime dimensions a toroidal ergosurface is possible, 
albeit for nakedly singular configurations. More intriguingly, as exemplified by the doubly 
spinning black ring, one can obtain a nested set of ergosurfaces, i.e. a system with an inner and 
outer ergosurface, both of which are located outside the black hole horizon. 

A question regarding multi-ring solutions is whether it is possible to engineer solutions where 
multiple ergosurfaces merge simultaneously. Consider for example Saturn with two rings: when 
the constituents are far apart, there are three disjoint ergosurfaces with topologies (for the 
Myers- Perry black hole) and x (for the rings). With both rings in the same plane and 
angular momentum only in that plane, presumably the solution parameters can be tuned so that 
the ergosurfaces merge pairwise at the same values of parameters. Perhaps more interesting is 
a setup with the two rings in orthogonal planes. With angular momentum now in both planes 
of rotation, it may be possible to choose parameters such that all three ergosurfaces merge at 
the same point. It would also be interesting to understand better the role of inner ergoregions 
(located inside another ergoregion but outside any event horizons). In our examples, inner 
ergosurfaces seem to be present when needed to prevent a point of symmetry, like the center of 
a black ring, from being part of an ergoregion. 

The physical importance of ergoregions motivated us to consider properties of merging 
ergosurfaces, defined with respect to asymptotic static observers. However, we could have 
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considered analogous surfaces defined with respect to a set of distant orbiting observers^", or 
phrased mathematically, the surface given by vanishing norm of a Killing field = {dtY + 
o;(9^)° for some constant a. The local nature of our universality proof would then imply that 
the surfaces of = would likewise merge at the same universal angle. This implies that 
universality does not just pertain to a very finely-tuned^^ set of solutions, but rather to a full 
open set (in the parameter space) of configurations. This implies a specific rigid structure of a 
large set of stationary spacetimes in general relativity. 

It is worth noting that in the static limit of no rotation, the equation defining the location 
of the ergoregion becomes the condition for the presence of a horizon. Might our results for 
merging ergoregions then teach us something about black hole mergers, such as the black hole 
- black string transition? Unfortunately, this is not the case, since the merger point in such a 
transition is a curvature singularity. 

In a spacetime with an ergoregion we expect to see superradiant scattering, i.e. a wave 
impinging on a rotating black hole will re-emerge with a larger amplitude. This is essentially 
a consequence of the asymptotic timelike Killing field turning spacelike in the ergoregion. The 
modes involved in superradiant scattering have low frequency and long wavelength. It is inter- 
esting to ask whether the mergers of ergosurfaces leave an imprint on the superradiance pattern. 
A priori the answer would seem to be yes, as can be seen by the following gedanken experiment: 
suppose we send such a wave into our system. If there are two disconnected ergoregions, one 
might expect the reflected wave to show interference patterns. After the ergoregions merge, 
one does not expect interference. It would be interesting to analyze this further. 
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A Einstein's equation with two commuting Killing fields 



In this appendix we study Einstein's equation in d + 1 dimensions assuming the existence of 
two commuting KiUing vector fields by generahzing the construction of [35, 36]. 

Since the two KiUing fields commute, it is possible to choose adapted coordinates so that 
= {dt)"" is the timelike Killing vector at infinity and ip"- = {d^Y is the generator of rotations. 
We shall further assume that (t, ip) ^ {—t, —ip) is a symmetry of the spacetime, which is a 
reasonable physical requirement for any rotating body. 

Consider the inner products of the Killing fields, 

Itt = C^a , 7tV = , TVV' = • (A.l) 

Notice that for a Lorentzian spacetime we have ^tt < near infinity. Then, the general metric 
satisfying our assumptions is given by 

ds'^ = df + 2 dt d%l) + 7^^ dtl)"^ + ds'^ , (A. 2) 

where S is a Riemannian manifold, which we refer to as the base. It is useful to define a matrix 
of the scalar fields (A.l) on the base B 

7 = f ^'"^ 1 , r = -det7. (A.3) 

The metric becomes degenerate if r = 0. We are restricting the analysis to non-singular regions 
of the spacetime where r is non-vanishing. 

The metric on the base E can be expressed in terms of the spacetime metric gab and the 
data involving the Killing fields and if)"" as 

hab = fl'afe + ^ ia ^b + Itt ^6 " 2 7*^ ^(a^b))] • (A.4) 

The derivatives of the Killing fields can be computed directly as follows: 

Va6 = ^ [i[a (t^V' Db]ltt - Iti} D^-it^) - tpia {lti,Db]jtt " 7«^b]7t^)] , (A.5a) 

Va^fe = ^ [^[a(7« A]7^»/' - 7tv Db]lti,) - ^[ailti, Db]l^i; ^ ^i'^ A]7t^)] • (A. 5b) 

In these expressions Da is the covariant derivative on B associated to the metric hab-, and Va 
is the covariant derivative associated to the full spacetime metric gab- 

We now derive the first set of the Einstein's equations for the components of the matrix 7. 
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We compute directly 

= -2 R^„, rc - ^ Rmnp, rrei^' 

-1- [j^^D^uY + luiDjt^y -2j,4D^ju)iD,lt^)] . (A.6) 

In the second step we use that the KiUing vectors commute. The last equality follows from 
(A. 5) and the fact that a Killing field satisfies 

VaVb^, = Rdabc^''. (A.7) 

Using (A.7), one can show that 

Rmnp,rrer = -\ [{D'^itt){Da^^^) - {D^t^f] , (a.s) 

and hence (A.6) becomes 

Itt 

1 



^ [l^ADlttf - 27#(I^'^7#)(I^a7«)] 



(A.9) 



The equations for the remaining metric components 7f^ and 7^^ can be derived analogously. 
This set of equations can be cast into a compact form using the matrix structure. One has 



D'^Da^^p = -2 i?„„ ^(S)^"^) + {l~'r{D'^la,){D,lpu) - ^ (/^V)(Z}.7a/3) , (A.IO) 



where we have defined ^"^-j = and ^^^-j = in order to simplify the notation, and matrix 
multiplication is understood. 

To derive the second set of the Einstein equations, we proceed as in [36] and consider 
an arbitrary vector k'^ on B. By evaluating the commutator of covariant derivatives on this 
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one-form we can extract the Ricci tensor on the base B; starting from 

r 

and the fact that kr is arbitrary, we find that the Riemann tensor of B, denoted TZabcd is given 
by 



(A.ll) 



T^abcd — /ij^ /l^j s Rpqrs 



- lti,{{VpQ{Vr^s) + (Vp^,)(V.es))] (A.12) 

2 

[7t/.t/.(Vp^,.)(Vg^J + 7tt(Vp^r)(Vg^,) 

r 

- 7t^((Vper)(V,^,) + (VpV^,)(V,e,))] 

where -Rpgrs is the Riemann tensor of the full spacetime. Contracting this expression with h"''^ 
and using (A. 5) we finally obtain the desired equation 

TZm = W R,s + ^ A (7 D,T^ + \ il''r'iDtlap)il-y'iDdl,u) . (A.13) 

Summarizing, the Einstein's equations for a spacetime with two commuting Killing vectors 
and invariant under {t,ip) ^ {—t,—ip) are given by equations (A. 10) and (A.13), with the 
Ricci tensor of the full spacetime Rmn specified by the corresponding sources. In particular, for 
vacuum spacetimes we set Rmn = in (A. 10) and (A.13), further simplifying the expressions. 

Finally we note that (A. 10) and (A.13) also hold for a spacetime with commuting Killing 
vectors when it admits a block diagonal metric with 7, now an x matrix (one block) and 
the other the base metric. 
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B Construction of the double Myers-Perry solution 



The double Myers-Perry solution discussed in Section 4.3 is obtained by the Belinsky-Zakharov 
inverse scattering technique. We use the notation and nomenclature of [17] (see also references 
therein) . 

There are two distinct Weyl solutions describing two static Myers-Perry black holes held 
apart by conical singularities. We consider only one of the configurations, but add angular 
momentum to it in the two different planes. The two different singly spinning cases are referred 
to as Configs. A and B; see Fig. 6 for the rod diagrams. 

To obtain the solution of Config. A, we start from the metric 

Go = diag(-^,^,^l. (B.l) 



/i2/i4 /il/i5 yU3 



We then remove an anti-soliton at ai and a soliton at from (G'o)^ and rescale the resulting 
metric by a factor of — . The solitons are then re- added using the BZ technique with vectors 
(1, Bi, 0), i = 1, 4 and finally we rescale back by a factor of The result is the desired metric. 
The BZ parameter B4 must be fixed so that the two spacelike rods which were along the 0- 
direction in the original static metric lie along the same direction after the BZ transformation. A 
coordinate change is required in order to bring the final metric into a manifestly asymptotically 
fiat form. Note that in the final solution both black holes are spinning in the same plane and 
they each have intrinsic spin. The solution cannot be balanced for any choice of parameters, so 
there are conical singularities in the metric. This, however, does not affect our results for the 
ergoregion mergers. 

On the other hand, to generate the solution in Config. B, we start from the metric 

Go = diag(-^,^,^^l. (B.2) 
I /^2yU4 /iiyU5 yUoyUs J 

We remove an anti-soliton at z = ao from (Go)** and rescale the resulting metric by The anti- 
soliton is subsequently re-added with BZ vector (1,0, Cq), and we rescale the resulting metric 

2 

by a factor of — . Finally, we fix the BZ parameter Cq to remove a naked singularity at oq. The 
resulting solution has conical singularities, but is otherwise regular, and it is asymptotically 
flat. Again, the conical singularities do not influence our study of the ergoregion mergers. Note 
that in this solution both black holes are spinning along the 'i/'-direction, but only the left black 
hole carries a non-zero intrinsic (Komar) angular momentum. The other black hole rotates due 
to the frame dragging effect. 

One can generalize the procedure above to obtain the solution where both Myers-Perry 
black holes in conflguration B have independent angular momenta. 
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C Weyl coordinates for the doubly spinning ring 



We present here the coordinate transformation needed to go between ring coordinates (x, y) 
and Weyl coordinates {z, p) for the doubly spinning black ring. 

Ref. [13] presented the expressions for {z,p) in terms of {x,y), 



P 



(x-yni-uy 



[1 — xy) [2 + A(x + y) + 2 uxy] 
{x - yy{l - u) 



(C.l) 



where G(0 = (1 " + -^^ + ^i"^)^ and the parameters A and u satisfy the constraints 
(5.4). Fig. 9 shows the rod structure of the doubly spinning black ring. The rod endpoints are 
sX z = Ki, z = hi2 and z = K3 = 1, with K1.2 given in (5.9). For convenience, we work with 
dimensionless quantities, but the scale can be restored by taking p ^ k 

Using (C.l) and (5.9), we find that the functions Ri = p^ ^ {z — Zi^, i 
simple expressions in terms of the (x, y) coordinates: 



1,2,3, are 



Ri 
R2 
R3 



1 



{x-y){l-u) 
1 

{x - y){l - v) 
1 



2 + VA2 - 4z/ + \{x + y) + {2v - VX"^ - 4z/) 



xy 



{x-y){l-u) 
These expressions can be inverted and we find 

pip, z)+c 



2 - VA2 - 4u + X{x + y)+ (2z/+ VA^ -4u)xy 
-X — {1 + h'){x + y) — Xx y] . 



(C.2a) 
(C.2b) 
(C.2c) 



X 



(lip, A 



pip, z)-c 
(lip,z) 



(C.3) 



where we have defined 



p(p, z) = A(l - u)VX'^-4uiRi + R2) - A(l - vfiRi - R2) + 2(1 - v'^)^X^-AvR^ 



(lip, z) 



-(1-z/) il + u)^ - AviRi + R2) - (A^ - 2i^(l + u)) (i?i - R2) + 2A VA2 - 4i/ R^ 
c=2e VA2 - Au (A^ - (1 + z/)2) . (C.4) 

The -Rj's should be regarded as functions of p and z. Using (C.3) with (C.4) we can readily 
write the metric for the doubly spinning black ring in Weyl coordinates. 
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Fig. 12: Topology change in ergosurfaces mergers for the singly spinning double Myers-Perry black hole 
configuration of type B. Here we illustrate the topology change from two disjoint S'^ ergosurfaces 
(left) to an outer and an inner ergosurface, each of topology x (right). 

D Topology changes in ergosurface mergers 

In this appendix we provide a simple and pictorial description of the topology changes that 
occur in the ergosurface mergers discussed in the main text. 

Let us first mention the general result of Hajicek [7], who analyzed ergoregions in 3+1 
dimensions, in particular for vacuum gravity. Hajicek showed that in 3+1 dimensions the er- 
gosurface has to either touch the horizon at its poles or touch a singularity. The ergosurface 
will touch the horizon at so-called "degenerate points" , which are fixed points of the rotational 
isometry. It is easy to see how this result arises. For a stationary black hole, the horizon gen- 
erators are of the form = {dt)°' + fl(f, (c^c^)"- At the degenerate points, the Killing generator of 
the horizon reduces to just (9t)". This suffices to ensure that the horizon and the ergosurface 
coincide locally. 

For singly spinning spherical black holes in higher dimensions, the ergosurface will touch 
the horizon at the fixed point of the rotational isometry. However, more generally the extension 
of the result of [7] to higher dimensions is less constraining. For multiply spinning objects the 
ergoregion would only touch the horizon where all the rotational isometries have fixed points 
simultaneously. Even for singly spinning solutions, the ergosurface need not touch the horizon: 
For instance, for a black ring with angular momentum, the ergosurface does not touch the 
horizon anywhere because the rotational isometry (of the ring S^) does not have any fixed 
points on the horizon. 

Ergosurfaces are conveniently represented in the {z, p) plane for generalized Weyl solutions, 
but to visualize their topology, it is useful to represent them schematically in the rod diagram. 
Recall that the rod diagram represents the various segments (rods) of the z-axis where a par- 
ticular Killing field vanishes. Different rods are drawn at different heights to indicate where 
each Killing vector vanishes. If we sketch the ergosurfaces as curves on the rod diagram, they 

One has to keep in mind though that for rotating black holes, the horizon rod does not lie along asymptotic 
timelike KiUing field, {dt)". 
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will end on different rods according to their topology. 

An example is given in Fig. 12 which sketches the ergosurfaces of the double Myers-Perry 
solution of type B (see section Section 4.3). On the left, the two black holes are far apart and 
each of them has an ergosurface with topology: in the rod diagram endpoints of each ergosur- 
face curve lie on rods for different rotational directions. At such a point, the corresponding 
closes off, but it has finite radius anywhere else on the ergosurface. The two rotational Killing 
vectors vanish at different points, so the topology is S'^. Since this configuration is spinning in a 
single plane, the ergosurfaces are pinned at the horizons only at poles where the corresponding 
Killing vector vanishes. The configuration on the right of Fig. 12 shows the ergosurfaces after 
the merger. In this case, there is an outer and an inner ergosurface, each of topology x S^. 
Now the inner ergosurface is pinned at the poles of the horizons. 
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